Magnetic metamaterials with correlated disorder by Molina, Mario I.
Magnetic metamaterials with correlated disorder
Mario I. Molina
Departamento de F´ısica, Facultad de Ciencias, Universidad de Chile, Casilla 653, Santiago, Chile
(Dated: August 24, 2020)
We examine the transport of magnetic energy in a simplified model of a magnetic metamaterial,
consisting of a one-dimensional array of split-ring resonators, in the presence of correlated disorder
in the resonant frequencies. The computation of the average participation ratio (PR) reveals that
on average, the modes for the correlated disorder system are less localized than in the uncorrelated
case. The numerical computation of the mean square displacement of an initially localized magnetic
excitation for the correlated case, shows a substantial departure from the uncorrelated (Anderson-
like) case. A long-time asymptotic fit 〈n2〉 ∼ tα reveals that, for the uncorrelated system α ∼ 0,
while for the correlated case α > 0, spanning a whole range of behavior ranging from localization
to super-diffusive behavior. The transmission coefficient of a plane wave across a single magnetic
dimer reveals the existence of well-defined regions in disorder strength-magnetic coupling space,
where unit transmission for some wavevector(s) is possible. This implies, according to the random
dimer model (RDM) of Dunlap et al., a degree of mobility. A comparison between the mobilities of
the correlated SRR system and the RDM shows that the RDM model has better mobility at low
disorder while our correlated SRR model displays better mobility at medium and large disorder.
Introduction. The subject of metamaterials has con-
tinue to attract interest in the scientific community, for
its great potential for applications to many different tech-
nologies. We can briefly describe them as a class of
man-made materials that are characterized by having en-
hanced thermal, optical, and transport properties that
make them attractive candidates for current and future
technologies. Among them, we have magnetic metama-
terials (MMs) that consist of artificial structures whose
magnetic response can be tailored to a certain extent.
A simple realization of such a system consists of an
array of metallic split-ring resonators (SRRs) coupled
inductively[1–3]. This type of system can, for instance,
feature negative magnetic response in some frequency
window, making them attractive for use as a constituent
in negative refraction index materials[4–7]. The main
drawback of this system is the existence of large ohm-
mic and radiative losses. A possible way out that has
been considered is to endow the SRRs with external gain,
such as tunnel (Esaki) diodes[8, 9] to compensate for such
losses. The theoretical treatment of such structures re-
lies mainly on the effective-medium approximation where
the composite is treated as a homogeneous and isotropic
medium, characterized by effective macroscopic parame-
ters. The approach is valid, as long as the wavelength of
the electromagnetic field is much larger than the linear
dimensions of the MM constituents.
The simplest MM model utilizes an array of split-ring
resonators (Fig.1), with each resonator consisting of a
small, conducting ring with a slit. Each SRR unit in
the array can be mapped to a resistor-inductor-capacitor
(RLC) circuit featuring self- inductance L, ohmic resis-
tance R, and capacitance C built across the slit. We will
assume a negligible resistance, and thus each unit will
possess a resonant frequency ω = 1/
√
LC. Under this
condition and in the absence of driving and dissipation,
the dimensionless evolution equations for the charge qn
Figure 1. One-dimensional split-ring resonator arrays. Top:
All SRRs lying on a common plane (λ < 0). Bottom: All
SRRs parallel but centered around a common axis (λ > 0)
residing at the nth ring are
d2
dt2
(qn + λ(qn+1 + qn−1)) + ω2nqn = 0 (1)
where qn is the dimensionless charge of the nth ring, λ is
the coupling between neighboring rings which originates
from the dipole-dipole interaction, and ω2n is the resonant
frequency of the nth ring, normalized to a characteristic
frequency of the system, such as the average frequency:
〈w2n〉 = (1/N)
∑
n w
2
n. The frequency ω
2
n can be changed
by varying the capacitance of the ring by altering the
slit width or by inserting a dielectric in the slit. For a
homogeous array, ω2n = 1.
The dimensionless stationary state equation is ob-
tained from Eq.(1) after posing qn(t) = qn exp[i(Ωt+φ)]:
− Ω2 (qn + λ(qn+1 + qn−1)) + ω2nqn = 0 (2)
On the other hand, the topic of Anderson localization is
an old one, but its importance has no waned throughout
the years, given its consequences for transport in dis-
ordered systems. Roughly speaking, it asserts that the
presence of disorder tends to inhibit the propagation of
excitations. In fact, for 1D systems, all the eigenstates
are localized and transport is completely inhibited[10–
12]. Now, Anderson localization is based on the as-
sumption that the disorder is “perfect” or uncorrelated.
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2However it has been noted that in systems with cor-
related disorder, a degree of transport is still possible.
Such is the case of the random dimer model (RDM) for
the discrete Schro¨dinger equation, that consists on a bi-
nary alloy where one of the site energies is assigned at
random to pairs of lattice sites. This leads to a mean
square displacement of an initially localized excitation
that grows asymptotically as t3/2 at low disorder levels,
instead of the saturation behavior predicted by Ander-
son theory[13–15]. An experimental demonstration of the
RDM prediction has been made in an optical setting[16].
A straightforward extension of these ideas to random ar-
rays of larger units (n-mers), has also been theoretically
explored[17]. Magnetic metamaterials constitute yet an-
other setting in which to test all these ideas, whose results
could have an impact on the design of future materials
of technological importance.
In this work, we will explore the stationary modes and
the transport of excitations in the context of a magnetic
random dimer model. As we will see, the presence of un-
correlated disorder leads to fully localized modes and to
the absence of transport. On the contrary, the presence
of a short-range correlation in the disorder distribution
leads to an improved transport of magnetic energy, in
qualitative agreement with the standard RDM. The re-
sults of these studies give us some inkling as to the mag-
netic energy transport in a correlated disordered SRR
array, as well as to checking the universality of Anderson
localization.
The ‘size’ or extent of the distribution of electric charge
{qn(t)} stored in the capacitors, can be monitored via the
participation ratio (PR), defined as
PR = (
∑
n
|qn(t)|2 )2/
∑
n
|qn(t)|4 (3)
For a completely localized excitation, PR = 1, while for
a complete delocalized state, PR = N .
To monitor the degree of mobility of a magnetic exci-
tation propagating inside a SRR array, we resort to the
mean square displacement (MSD) of the charge distribu-
tion, defined as
〈n2〉 =
∑
n
n2|qn(t)|2/
∑
n
|qn(t)|2. (4)
Typically 〈n2〉 ∼ tα at large t, where α is known as
the transport exponent. The types of motion are clas-
sified according to the value of α: ‘localized’ (α = 0),
‘sub-diffusive’ (0 < α < 1), ‘diffusive’ (α = 1), ‘super-
diffusive’ (1 < α < 2) and ‘ballistic’ (α = 2).
Homogeneous case. In the absence of disorder, ω2n =
1, and the discrete translational invariance leads to an
energy band, obtained from Eq.(2) after assuming a plane
wave profile qn ∼ exp(ikn):
Ω2k =
1
1 + 2λ cos(k)
(5)
This implies that these magneto-inductive waves can only
exist for |λ| < 1/2. From Lenz law, it can be shown that
when all SRRs lie on a common plane, λ < 0, while
when all SRRs are centered about a common axis, λ > 0
(Fig.1).
For a completely localized initial charge qn(0) = A δn0
and no currents, (dqn/dt)(0) = 0, we have formally
qn(t) = (A/4pi)
∫ pi
−pi
ei(kn−Ωkt)dk+(A/4pi)
∫ pi
−pi
ei(kn+Ωkt)dk
(6)
where Ωk is given by Eq.(5). After replacing this form
for qn(t) into Eq.(4), one obtains after some algebra, a
closed form expression for 〈n2〉:
〈n2〉 = (1/2pi)
∫ pi
−pi dk(dΩk/dk)
2(1− cos(2 Ωk t)) t2
1 + (1/2pi)
∫ pi
−pi dk cos(2 Ωk t)
(7)
As we can see from the structure of Eq.(7), as time t
increases, the contributions from the cosine terms to the
integrals decrease and, at long times, 〈n2〉 approaches a
ballistic behavior
〈n2〉 =
[
1
2pi
∫ pi
−pi
(
dΩ(k)
dk
)2
dk
]
t2 (t→∞), (8)
while at short times,
〈n2〉 =
[
1
2pi
∫ pi
pi
(
Ωk
dΩk
dk
)2
dk
]
t4 (t→ 0). (9)
Thus, the transport in our system is ballistic: 〈n2〉 =
g(λ) t2, where we can identify
√
g(λ) as a kind of char-
acteristic ‘speed’ for the ballistic propagation. Inserting
the specific form for Ωk from Eq.(5), we obtain
〈n2〉 = (λt)
2
2(1− 4λ2)3/2 t→∞, (10)
〈n2〉 = λ
2(1 + λ2)t4
2(1− 4λ2)3/2 t→ 0. (11)
Disordered case. In this case, we choose the reso-
nant frequencies ω2n from a random binary distribution
{ω2a, ω2b}. As mentioned before, this can be achieved by
altering the space between the slits of each SRR, or by
filling the space in the slit with different dielectrics. Let
us look at the stationary modes obtained from Eq.(2).
After a simple rearrangement, one can write down an
equivalent eigenvalue problem:
−
(
1
Ω2
)
qn+
(
1
ω2n
)
qn+λ
(
1
ω2n
)
(qn+1+qn−1) = 0 (12)
This looks similar to the tight-binding Anderson prob-
lem, except that now, we have a completely correlated
site and coupling randomness. Not only that, but the
site energies and couplings appear all ‘inverted’. This
means that the usual, large disorder limit of the tight-
binding system corresponds here to the small disorder
limit.
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Figure 2. Mode -and realization average participation ratio
for the correlated SRR (solid line) and uncorrelated SRR case
(dashed line), as a function of disorder strength. The dot
marks the value of the participation ratio in the absence of
disorder (N = 150, λ = 0.4, ω2b = 1, realizations = 100.)
The rigid correlation between the site ‘energies’ and
the coupling terms will be of lesser importance than
the other correlation we really have in mind: that
of a random binary alloy for the resonance frequen-
cies, as in the RDM. Following the RDM, we as-
sign the site frequencies ω2n at random to pairs
of lattice sites (that is, two sites in succession):
...ω2a, ω
2
a, ω
2
b , ω
2
b , ω
2
b , ω
2
b , ω
2
a, ω
2
a, ω
2
b , ω
2
b , ω
2
a, ω
2
a, .... The fre-
quency of each pair is generated according to ω2n =
ω2a + (ω
2
b − ω2a) × rand, where rand=0 or 1 with fifty
percent probability. It should be emphasized that our
system cannot be mapped to the original RDM because
of the the additional correlation between site and cou-
pling values.
In what follows, we will examine the stationary and
transport properties of a SRR array with binary disorder
(“correlated”) and that of a simple Anderson-like (“un-
correlated”) disordered SRR array.
Figure 2 shows the mode-and realization average of the
participation ratio, as a function of disorder strength.
As we can see, in both cases, the presence of disorder
makes the PR smaller than in the periodic case ωa = ωb,
where PR = (2/3)N . This last case corresponds in our
plot to ω2a = 1. In the correlated case, the PR is alway
greater than in the uncorrelated case, which means that
the modes are more extended in space. This, in turn,
means that there is more overlap between modes which
leads to an increased mode coupling. An increased mode
coupling means greater ease for an excitation to jump to
nearby sites, thus increasing the general mobility.
A qualitative explanation for this enhanced transport
can be given within the context of the RDM. The idea is
that the presence of the correlated binary disorder creates
a finite fraction of modes with localization length equal
or greater to the length of the array. Adapting the RDM
argument, we consider an array of SRRs with identical
resonance frequencies ωn = 1, that contains an embedded
dimer impurity. Without loss of generality, we place the
dimer at n = 0 and n = 1 and set ω0 = ω1 = ω. Let us
consider an incoming plane wave and compute its trans-
mission coefficient across the dimer. The amplitudes to
the left and right of the dimer impurity are
qn =
{
R0 exp(ikn) +R exp(−ikn) n ≤ 0
T exp(ikn) n ≥ 1 (13)
where R0 is the incoming amplitude, R the reflected am-
plitude and T the transmission amplitude. The station-
ary equations at the dimer sites are[
−
(
1
Ω2
)
+
(
1
ω2
)]
(R0 +R)+ (14)(
λ
ω2
)
(Teik +R0e
−ik +Reik) = 0 (15)[
−
(
1
Ω2
)
+
(
1
ω2
)]
Teik+ (16)
+
(
λ
ω2
)
(Te2ik +R0 +R) = 0 (17)
together with Ω2 = 1/(1 + 2λ cos(k)).
From these equations, it is possible to find the trans-
mission coefficient t(k) = |T (k)|2/|R0|2 in closed form
as
t(k) =
∣∣∣∣ (−1 + e2ik)λ22e3ikλ(ω2 − 1) + e4ikλ2(ω2 − 1) + 2eikλ(ω2 − 1)ω2 + λ2ω4 + e2ik((ω2 − 1)2 + λ2(−1 + 2(ω2 − 1)ω2))
∣∣∣∣2 .
(18)
In the absence of the dimer, ω2 = 1 and t(k) = 1. Figure
3 shows some transmission plots for a fixed value of λ
and different ω2. The most interesting thing to notice is
the existence of resonant cases. That is, the existence of
wavevectors k at which t(k) = 1, for some values of λ, ω2.
To determine the resonant region in parameter space we
make a sweep of t(k) in λ, k and ω2. Results are shown
in Fig.4 that shows regions of possible resonance-no res-
onance in parameter space. This region corresponds to
the area enclosed by the curves 1/(1+2λ) and 1/(1−2λ).
Inside the region, a resonance(s) across a single dimer is
possible, and we will obtain an enhanced transport be-
havior when we form a random dimer alloy: Once a plane
wave goes through a dimer without reflection, it will pass
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Figure 3. Transmission coefficient of magneto-inductive plane
waves across a SRR dimer, for different values of the resonant
frequency mismatch. (a) ω2 = 2, (b) ω2 = 2/3, (c) ω2 = 0.5,
(d) ω2 = 0.4 (λ = 0.4).
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Figure 4. Region in parameter space where a resonant trans-
mission(s) across the SRR dimer is possible (shaded region).
(ω2b = 1)
through all of the other SRRs dimers and will reach the
ends of the system unscattered. Of course this only hap-
pens for a single wavevector, so it might be regarded as a
marginal effect. However, around the perfectly transmit-
ting case, there will be a fraction of states whose trans-
mission across the system is finite[14] and, in our case,
will give rise to some degree of magnetic transport.
Let us also compute the average transmission of a plane
wave across an extended portion of the disordered ar-
ray. Results are shown in Fig.5. For weak disorder
(ω2a  1, ω2b = 1) we see that for the uncorrelated case
the transmission decreases exponentially with system size
〈T 〉 ∼ exp(−αL), while for the correlated case the de-
crease obeys a power-law 〈T 〉 ∼ L−β . These results
are in qualitative agreement with previous studies on
tight-binding systems[17]. For large disorder strengths
(ω2a  1, ω2b = 1), we obtain exponential decrease for
both cases (not shown).
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Figure 5. wavevector -and realization average transmission
of plane waves across a weakly disordered segment of finite
length. (a) Uncorrelated case (b) Correlated case. Note the
logarithmic scale in (b). Upper curves: ω2a = 1.5, ω
2
b = 1.
Lower curves: ω2a = 2, ω
2
b = 1 (λ = 0.4, realizations=500).
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Figure 6. Mean square displacement as a function of time,
for a SRR array with a localized initial condition and differ-
ent disorder widths, for both, uncorrelated (left column) and
correlated (right column) cases. (a) and (b): ω2a = 0.1λ. (c)
and (d): ω2a = 2λ. (e) and (f): ω
2
a = 3λ (λ = 0.4, ω
2
b = 1, N =
1500, tmax = 900).
Transport. Let us compute the mean square displace-
ment (MSD) of an initially localized magnetic excitation,
and compare the results for the correlated and uncorre-
lated cases. Results are shown in figure 6. In this figure
we compare the MSD for the uncorrelated case (left) col-
umn with the correlated one (right column), for three
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Figure 7. Mean square displacement exponent α as a function
of disorder strength, for an initially localized magnetic exci-
tation. Squares (circles) denote the SRR correlated (RDM
correlated) case. (λ = 0.4, ω2b = 1, N = 1500, tmax = 900).
common values of the disorder strength ω2a. The plots
are computed for a single realization of a long SRR ar-
ray and long evolution times. For all of them we use
the same skeleton random number sequence, and vary
only ω2a while keeping ω
2
b = 1. In this way, the value
of ω2a controls the disorder width. As we can see, while
for the uncorrelated case the MSD tends to saturate at
long times, in the correlated case there is a finite frac-
tion of propagation at long times. Not only that, but the
ω2a values separating mobile from localized regions are
in agreement with the mobility phase diagram of Fig.
4. Assuming a long-time asymptotic dependence of the
form 〈n2〉 ∼ tα, we computed numerically the α values
as a function of the disorder strength ω2a. Results are
shown in Fig.7, and are compared to the tight-binding
RDM model of Dunlap et al.[14]. Interestingly, at lower
disorder strength the RDM shows higher exponents (i.e.,
better propagation). In this range, the exponent val-
ues are close to the superdiffusive value: α = 3/2. For
the correlated SRR case, the propagation is closer to the
diffusive regime: α = 1/2. At intermediate and high dis-
order strengths however, this tendency reverts and the
MSD for the SRR model shows substantially higher ex-
ponents, signaling an enhanced mobility. In the limit of
large disorder, both sets of exponents converge to zero.
Of course, these observations are only valid for a finite
array; the real asymptotic exponents are defined for an
infinite system only.
Conclusions. In this work we have examined the sta-
tionary modes and the propagation characteristics of a
SRR disordered array. We have employed two types of
disorder: An Anderson-like with randomly distributed
resonant frequencies, and a correlated one, where the
frequencies distributions follows the RDM pattern, that
is, a disordered binary distribution. In the absence of
disorder, the mean square displacement is calculated in
closed form, and at long times shows a ballistic behav-
ior. In the presence of disorder, the stationary modes for
a finite array are mostly localized, with a small fraction
possessing a localization length of the size of the system’s
length. However, an examination of the participation ra-
tio shows that in the correlated case, the PR is always
greater than in the uncorrelated case. Thus, the cor-
related modes are less localized. To better understand
the origin of this affect, we computed the transmission
of a plane wave across a single magnetoinductive dimer,
finding the transmission in closed form, as a function of
the inductive coupling, and the frequency mismatch. It
is found that this transmission can be unity for some
wavevectors inside a region in coupling-mismatch space
that is computed numerically. Thus, for plane waves
whose wavevectors are close to resonance, there is a frac-
tion of these modes whose localization length is of the size
of the system. On the dynamical front, computation of
the mean square displacement shows that, while for the
uncorrelated case there is saturation, in the correlated
case there is finite propagation for small and medium
disorder levels, and converging to smaller and smaller
propagation at large disorder level. The correlation in
the disorder also affected the transmission of plane waves
across a finite disordered segment, where now the trans-
mission decrease across the sample following a power-
law decrease with sample’s length instead of the typical
exponential decrease. Finally, we compared the MSD
for our system with Dunlap’s tight-binding RDM model,
which also displays finite transport. While the MSD for
the RDM model shows larger transport exponents at low
disorder levels, at medium and high disorder strengths,
our correlated model features larger exponent and thus
greater mobility.
We conclude that an array of SRRs with uncorrelated
disorder, always displays Anderson localization of mag-
netic energy at any disorder strength. For correlated
disorder at small and medium strengths, the SRR array
is capable of exhibiting a finite degree of mobility. At
large disorder level, this mobility ceases and the system
becomes Anderson-like. These results could be useful
for the design of efficient magnetic energy confinement
devices, and the harvesting and transport of magnetic
energy. We are current pursuing an extension of these
studies to two-dimensional SRR systems.
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